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Abstract. We introduce notions of the Rohlin property and the approximate 
representability for inclusions of unital C*-algebras. We investigate a dual 
relation between the RohUn property and the approximate representability. 
We prove that a number of classes of unital C* -algebras are closed under 
inclusions with the Rohlin property, including: 

• AF algebras, AI algebras, AT algebras, and related classes characterized 
by direct limit decomposition using semiprojective building blocks. 

• C* -algebras with stable rank one. 

• C* -algebras with real rank zero. 

1. Introduction 

A. Kishimoto [TT], R. Herman and V. Jones [3], [1] investigated a class of finite 
group actions with what we presently call the Rohlin property. After that a number 
of results for group actions of C*-algebras with the Rohlin property were found in 
the literature (see [l2], [13] , [M], [7], [l7]). 

In [7], M. Izumi introduced the Rohlin property and the approximate repre- 
sentability for finite group actions. He proved that an action of a finite abelian 
group has the Rohlin property if and only if its dual action is approximately rep- 
resentable. We extend the notions of the Rohlin property and the approximate 
representability for inclusions of unital C*-algebras with finite Watatani index in 
the sense of ^22,. We investigate a dual relation between the Rohlin property and 
the approximate representability. We prove that an inclusion has the Rohlin prop- 
erty if and only if its dual inclusion is approximately representable. It contains that 
an action of a finite group has the Rohlin property if and only if its dual action is 
approximately representable as a finite dimensional C*-Hopf algebra action. Note 
that the dual action of an action of a non-commutative finite group is not an ac- 
tion of some group though it is an action of some finite dimensional commutative 
C*-Hopf algebra. 

In [16 , H. Osaka and N. C. Phillips proved that crossed products by finite group 
actions with the Rohlin property preserve various properties of C*-algebras. Since 
an action of a finite group with the Rohlin property is an outer action by \17\ 
Remark 1.4 and Lemma 1.5] and the crossed product algebra A xIq G and the fixed 
point algebra A°' by an outer action a of a finite group G are Morita equivalent, 
we can immediately see that fixed point algebras by finite group actions with the 
Rohlin property also preserve various properties of C*-algebras by [16] . We extend 



2000 Mathematics Subject Classification. Primary 46L55; Secandary 46L35. 
* Research of the first author partially supported by the JSPS grant for Scientific Research 
No.20540220. 



2 



HIROYUKI OSAKA*, KAZUNORI KODAKA, AND TAMOTSU TERUYA 



their results and prove that a number of classes of unital C*-algebras are closed 
under inclusions with the Rohlin property, including: 

• AF algebras, AI algebras, AT algebras, and related classes characterized by 
direct limit decomposition using semiprojective building blocks. 

• C*-algebras with stable rank one. 

• C*-algebras with real rank zero. 

This paper is organized as follows: In Section[2]we collect basic facts on Watatani 
index theory for C*-algebras and finite group actions on C*-algebras with the Rohlin 
property. 

In section [3] we introduce the Rohlin property and the approximately repre- 
sentability for conditional expectations and deduce basic properties of conditional 
expectations possessing it. Let G be a finite group, a an action of G on a unital 
simple G*-algebra A, and E the canonical conditional expectation from A onto the 
fixed point algebra A°' . We prove that a has the Rohlin property if and only if E 
has the Rohlin property. We prove that if an inclusion has a conditional expecta- 
tion with the Rohlin property, then it is the unique conditional expectation of its 
inclusion. So the property that a conditional expectation has the Rohlin property 
is actually a property of its inclusion. 

In section |4] we construct an inclusion A D P with the Rohlin property such that 
P is not the fixed point algebra A" for any finite group action a with the Rohlin 
property. 

In section [5] we prove that inclusions with the Rohlin property preserve various 
properties of G*-algebras which generalize results of |16j. 

2. Preliminaries 

In this section we collect notations and basic facts which will be used in this 
paper. 

2.1. Index theory for C*-algebras. 

2.1.1. Watatani index for C* -algebras. We introduce an index in terms of a quasi- 
basis following Watatani [22] . 

Definition 2.1. Let ^ D P be an inclusion of unital C*-algebras with a conditional 
expectation E from A onto P. 

(1) A quasi-basis for E is a. finite set C Ax A such that for every 
a e A, 

n n 

a = UiE [vio) = E {aui) u,;. 

1=1 i=l 

(2) When {{ui,Vi)}2^^ is a quasi-basis for E, we define Indexi? by 

n 

Index£' — UiVi . 

i=l 

When there is no quasi-basis, we write Index_E ~ oo. Indexi? is called the 
Watatani index of E. 

Remark 2.2. We give several remarks about the above definitions. 

(1) IndexE' does not depend on the choice of the quasi-basis in the above for- 
mula, and it is a central element of A [22l Proposition 1.2.8]. 
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(2) Once we know that there exists a quasi-basis, we can choose one of the form 
{{wi,w*)}YLi, which shows that Index_E is a positive element [22l Lemma 
2.1.6]. 

(3) By the above statements, if A is a simple C*-algebra, then Indexi? is a 
positive scalar. 

(4) Let {(ui,Ui)}"^2 be a quasi-basis for E. If A acts on a Hilbert space H 
faithfully, then we can define the map E-^ from P' n B{n) to A' n Bin) 
by E'^{x) = 'u^^^i for ^ in P'r\B{W). In fact, for any x £ P'nB{n) 
and a £ A 

E-\x)a 



(5) If Indexi? < oo, then E is faithful, that is, E{x*x) = implies a; = for 
X e A. 

2.1.2. C* -basic construction. In this subsection, we recall Watatani's notion of the 
C*-basic construction. 

Let E: A ^ P he & faithful conditional expectation. Then Ap{^ A) is a pre- 
Hilbert module over P with a P-valued inner product 

{x,y)p ^ E{x*y), x,y e Ap. 

We denote by £e and rjE the Hilbert P-module completion of A by the norm 
||x||p — II (x, x)p II 2 for X in A and the natural inclusion map from A into £e- Then 
£e is a Hilbert C*-module over P. Since E is faithful, the inclusion map rjE from A 
to £e is injective. Let Lp{£e) be the set of all (right) P-module homomorphisms 
T: £e — > £e with an adjoint right P-module homomorphism T*: £e £e such 
that 

(T^,C) = (^,r*c) ^X&Se. 

Then Lp{£e) is a C*-algebra with the operator norm ||r|| = sup{||rCll : IICII = !}• 
There is an injective *-homomorphism A: A — > Lp{£e) defined by 

\{a)riE{x) = riE{ax) 

for a; e yip and a g A, so that A can be viewed as a C*-subalgebra of Lp{£e)- 
Note that the map ep: Ap ^ Ap defined by 

ep7]E{x) = i]e{E{x)), X € Ap 

is bounded and thus it can be extended to a bounded linear operator, denoted by 
ep again, on £e- Then ep € Lp{£e) and ep = ep = ej,; that is, ep is a projection 
in Lp{£e)- a projection ep is called the Jones projection of E. 



n 

i=l 
n 

UixE[viauj)vj 

n 

UiE{viaUj)xVj 

n 
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The (reduced) C*-basic construction is a C*-subalgebra of Lp{£e) defined to be 
C*{A,ep) — span{X{x)epX{y) £ Lp{£e) ■ x, y G A }" " 

Remark 2.3. Watatani proved the following in [22) : 

(1) IndexE' is finite if and only if C*{A,ep) has the identity (equivalently 
C*{A,ep) = Lp{£e)) and there exists a constant c > such that E[x*x) > 
cx*x for X e A, i.e., ||x||p > c||x|p for a: in A by dH Proposition 2.1.5]. 
Since ||a::|| > ||x||p for x in A, if Index£^ is finite, then £e = A. 

(2) If Indexi? is finite, then each element z in C*{A, ep) has a form 

n 

z = ^ A(x,,)epA(y,,) 

i=l 

for some Xi and yi in A. 

(3) Let C^^^{A,ep) be the unreduce C*-basic construction defined in Defini- 
tion 2.2.5 of [22], which has the certain universality (cf.(5)). If IndexE' is 
finite, then there is an isomorphism from C*{A, ep) onto C^g^^{A,ep) ([221 
Proposition 2.2.9]). Therefore we can identify C*{A, ep) with C^^^{A, ep). 
So we call it the C*-basic construction and denote it by C* {A, ep). More- 
over we identify X{A) with A in C* {A, ep){= C*{A, ep)) and we denote 

n 

C*{A,ep) = {^x^cpyi : Xi,yi £ A,n e N}. 
i=i 

(4) If Indexi? is finite, then IndexE is a central invertible element of A and 
there is the dual conditional expectation E from C*{A,ep) onto A such 
that 

E{xepy) = (IndexE)^^xy for x,y G A 

by [22j Proposition 2.3.2]. Moreover, E has a finite index and faithfulness. 

(5) Suppose that IndexiJ is finite and A acts on a Hilbert space H faithfully 
and e is a projection on H such that eae = E(a)e for a £ A. If a map 
P 3 X 1-^ xe £ B{'H.) is injective, then there exists an isomorphism tt from 
the norm closure of a linear span of AeA to C*(A, ep) such that 7r(e) — ep 
and 7r(a) = a for a G A [22*, Proposition 2.2.11]. 

The next lemma is very useful. 

Lemma 2.4. Let A D P be an inclusion of unital C*-algebras with a conditional 
expectation E from A onto P. If Indexi? is finite, then for each element z in the C*- 
basic construction C* {A, ep), there exists an element a in A such that zep = aep. 
In fact, 

zep = (Index_E)i?(zep)ep. 

Proof. For each z £ C*{A,ep) there are elements Xi,yi £ A such that z = 
XiCpyi. Then zep = Y.i XiCpyiCp = Xli XiE{yi)ep, i.e., a = XiE{yi) e A. 
On the other hand, E{zep) — (Indexi?)^^ XiE{yi) by Remark l2.3l (3) and hence 
we have a — (IndcxE)£'(a;ep). I 

Definition 2.5. Let A D P be a inclusion of unital C*-algebras with a finite index 
and let Q be a C*-subalgebra of P. Q is said to be a tunnel construction for the 
inclusion Az) P \i A\s the basic construction for the inclusion P Z) Q. 
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In the factor case, a tunnel construction always exists for any index finite sub- 
factor [10 . But an inclusion of C*-algebras does not have a tunnel construction 
in general. We shall give a necessary and sufficient condition for an existence of a 
tunnel construction in the next proposition. 

Proposition 2.6. Let A D P be an inclusion of unital C*-algebras and E a 
conditional expectation from A onto P with Indexi? < oo. If there is a projection 
e G A such that E{e) — (Indexi?)^^, then we have 

ePe = Qe, Q = P D {e}' 

In particular, if e is a full projection, i.e., there are elements Xi,yi of A such that 
Y^7=i ^i^Vi — 1; then Q is a tunnel construction for A^ P such that e is the Jones 
projection for P D Q. 

Proof. Let ep be the Jones projection for E. Then epeep — E(e)ep — (Index£^) ^ep. 
We shall prove that eepe = (Indexi;)"ie. Put / = (Index£;)eepe. Then it IS easy 
to see that / is a projection and / < e. Let E be the dual conditional expectation 
of E. Then E{e — /) = 0. And hence we have / = e by the faithfulness of E and 
eepe — (Indexi?)^^e. 

Let P be a linear map on P defined by F{x) = {lndexE)E{exe). We shall prove 
exe = F{x)e = eF{x) for x e P. Since eepe = (Indexi?)~^e, we have for a; G P 

eF(x)ep = e(Index_B)_B(ea;e)ep 
= e(Indexi?)ep(ea;e)ep 
— {lndexE){eepe)xeep = exeep 

and hence eF{x)ep — exeep. Then using Remark l2.3l (3) we have 

eF{x) = (Index£:)i?(eP(a;)ep) 

= (Index_B)_B(ea;eep) = exe. 

Moreover F[x)e — {eF{x*))* — {ex*e)* = exe, and hence exe — F{x)e — eF{x). 

Let Q be the C*-subalgebra of P defined by Q = P n {e}'. We saw F{x) G Q 
for any x € P. Conversely if x is an element of Q, then F{x) = (liidexE)E{exe) = 
{lndexE)E{e)x = x. Therefore P is a conditional expectation from P onto Q and 
ePe = Qe. If a;e = for some x Q Q, then x = (IndexP)P(e)a; = (IndexP)P(a::e) = 
and hence a map Q 9 a; M- xe G Qe is injective. By Remark 12.31 (5), the norm 
closure of the linear span {xey : y G P} is the basic construction for P Z) Q. For 
any a £ A 

ae = (IndexP)P(epae) 

= (IndexP)^£^(epaeepe) 
= {lndexEfE{E{ae)epe) = (IndcxP)P(ae)e, 
and hence Ae — Pe. Similarly, we have eA — eP. If e is a full projection, then 

A = the linear span of {xey : y G A} 
= the linear span of {xey : x,y G P}. 

So A is the basic construction for the inclusion P D Q with the Jones projection e. 
It means that Q is a tunnel construction for A D P. t 
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2.2. Finite group actions on C*-algebras with the Rohlin property. For a 

C*-algebra A, we set 



We identify A with the C*-subalgebra of A°° consisting of the equivalence classes 
of constant sequences and set 



For an automorphism a £ Aut(A), we denote by a°° and aoo the automorphisms 
of A°° and induced by a, respectively. 

Izumi defined the Rohlin property for a finite group action in 'T, Definition 3.1] 
as follows: 

Definition 2.7. Let a be an action of a finite group G on a unital C*-algebra A. a 
is said to have the Rohlin property if there exists a partition of unity {egjggG C A^o 
consisting of projections satisfying 

(ag)oo(e/i) = egh for g.heG. 

We call {cglggG Rohlin projections. 



The next lemma is essentially contained in pT, Lemma 1.5]. But we give a short 
proof of it for the self-contained. 

Lemma 2.8. Let a be an action of a finite group G on a unital G*-algebra A. If 
a has the Rohlin property, then a is an outer action. 

Proof. Suppose that g is not the unit element of G. If ag is an inner automorphism 
Adit for some unitary element u in A, then {oig)oo{£h) = uchu* = eh for h in G 
since eh G Aoo = A' n^°°. Hence if ag has the Rohlin property, then ag is outer. I 

Let A D P be an inclusion of unital G*-algebras. For a conditional expectation E 
from A onto P, we denote by E°°, the natural conditional expectation from A^ onto 
induced by E. If E has a finite index with a quasi-basis {{ui, Wi)}"=ii then E°° 
also has a finite index with a quasi-basis {{ui^Vi)}"^^^ and lndex{E°°) = Indexi?. 

Proposition 2.9. Let a be an action of a finite group G on a unital G*-algebra A 
and E the canonical conditional expectation from A onto the fixed point algebra 
P = A" defined by 



where #G is the order of G. Then a has the Rohlin property if and only if there 
is a projection e G Aoo such that E°°{e) = ■ 1, where E°° is the conditional 
expectation from A"^ onto P°° induced by E. 

Proof. Suppose that a has the Rohlin property with a partition of unity {egjggG C 
Aoo consisting of projections satisfying 



CO (A) 



{(a„)G/°°(N,A): lim ||a„|| = 0} 
Z°°(N,A)/co(A). 



A°° = 



Aoo^A^nA'. 




g&G 



(as)oo(e/i) 



egh for g,heG. 



Then 



1 



I] eg 





#G 



sec 
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where ei is the projection in the partition of unity {egjgec which corresponds to 
the unit element of G. 

Conversely, suppose that there is a projection e € Aoo such that E°°{e) = ^ • 1. 
Define eg = (ag) 00(e) € Aoo for g G G. Then 

^ eg = #Gi?(e) = 1, 
see 

i.e., {cglggG C is a partition of unity. It is obvious that (ag)oo(e/i) = Sgh for 
g,h G G. Hence a has the Rohlin property. I 

3. Conditional expectations of unital C*-algebras with the Rohlin 

property 

Definition 3.1. A conditional expectation £' of a unital C*-algebra A with a 
finite index is said to have the Rohlin property if there exists a projection e £ A^o 
satisfying 

E°°{e) = (Index^;)-! • 1 
and a map A 3 x xe is injective. We call e a Rohlin projection. 

Proposition 3.2. Let G be a finite group, a an action of G on a unital simple 
G*-algebra A, and E the canonical conditional expectation from A onto the fixed 
point algebra A" . Then a has the Rohlin property if and only if E has the Rohlin 
property. 

Proof. Suppose that a has the Rohlin property. By [91 Theorem 4.1 and Remark 
4.6], a is saturated and Indexi? is finite. The simplicity of A implies that the map 
A 3 X 1-^ xe is injective. So we have that E has the Rohlin property by Proposition 
12.91 Conversely, if E has the Rohlin property, then a has the Rohlin property by 
Proposition I 

Definition 3.3. A conditional expectation E from a unital G*-algebra A onto 
P with a finite index is said to be approximately representable if there exists a 
projection e G Poo satisfying for any x G A 

exe — E{x)e 

and a map P 3 x t-^ xe is injective. 

Proposition 3.4. Let A D P he an inclusion of unital C*-algebras and E a 
conditional expectation from A onto P with a finite index. Let B be the basic 
construction for A D P and E the dual conditional expectation of E from B onto 
A. Then 

(1) E has the Rohlin property if and only if E is approximately representable; 

(2) E is approximately representable if and only if E has the Rohlin property. 

Proof. (1): Let ep be the Jones projection for the inclusion A D P. Suppose that 
E has the Rohlin property with a Rohlin projection e G Aoo- Then 

epeep = £:°°(e)ep = (Index£:)"^ep in B°° . 

Let / be an element in B°° defined by / = (Indexi?)eepe. It is easy to see that / 
is a projection and / < e. Since E°°{e — f) — e — {lndexE)eE{ep)e = e — e = 0, 
we have / = e by the faithfulness of E°^, and hence eepe = (Indexi?)~^e. Since 
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E is determined by E{xepy) — (IndexE') ^xy for x and y in A, we have for any 
element z in B 

eze = E{z)e, 

and the map A 3 x i-^ xe € Ae for cc G A is injective by the definition of the Rohhn 
property. Therefore E is approximately representable. 

Conversely, suppose that E is approximately representable with a projection 
e G Aoa satisfying that eze = E{z)e for any z in B and a map A 9 a; i— >■ xe G Ae 
for a; £ A is injective. Then we have 

eepe = E{ep)e = (IndexE') ^e. 

Define an element w in B°° by w = (Indexi?)epeep. Then 

E°°{ep — w)e = e(ep — w)e — eepe — (Indexi?)eep(eepe) = 0. 

By the faithfulness of and the injectivity of the map x ^ xe iox x E A, we have 
w — ep, i.e., epeep — (Indexi?)^^ep. Since E°"{e)ep — epeep = (Indcx_B)^^ep, 
we have E°°{e) — (Indexi5)~ . Hence E has the Rohlin property. 

(2): Suppose that E is approximately representable with a projection e G Poo 
satisfying that exe — E(x)e for any x in A. Let {(u;, u;)}"^]^ be a quasi-basis for 
E. Define an element / in B°° by 

n 

f = Y,u,eepu,{:^ {E^)-\eep)). 
1=1 

It is easy to see that / is a projection and commutes with elements of A by Re- 
mark [2T2l (4). / also commutes with ep. In fact, since eep = epe, we have 



UteepViCp 



'^UieE{vi)ep = '^UiE{vi)eep = eep 



and 



epUieepv, 



= E epUiepevi = E eepE{ui)vi = eep. 

!=1 1=1 

Therefore / is an element in B' f) B°° — B^o since B is generated by A and ep. 
By Remark 12.31 (5). there exists an isomorphim tt from B onto C*(A, e) such that 
7r(ep) = e and 7r(a) = a for a £ A. So we have 

n / ^ \ 

(£:°°)"^(e) = E^'»'^(ep)i'» = i^Uiepv, = 1 

1=1 \i=l / 

and 

n 

E^{f) = E"'e^(ep)z;, 

i=l 

= (IndexE;) - 1 ) - 1 (e) = (IndexS) " ^ • 1 . 
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Suppose that xf = for some x ^ B. Let C*{A,ep,e) be a C*-algebra generated 
by A, ep, and e in B°° . Let ip be an automorphism on C*{A,ep,e) defined by 
(/7(a) = a for a e A, ip{ep) = e, and ip{e) = ep. Since (p{f) = / and ip{x) = 7r(x) for 
cc e we have = ifixf) = Tr{x)f. Since 7r(x) G we have = E°°{-K{x)f) = 
Tr{x)E°°{f) = (Indexi?)" Hence x = 0, i.e., the map B 3 x ^ xf ^ Bf is 
an injective map. Therefore E has the Rohhn property with a projection / G Boo- 
Conversely, suppose that E has the Rohhn property with a Rohhn projection 
/ G Boo- Define an element e in A°° by e = (lndexE)E°° (fep). Using the fact 
that fep = epf = {lndexE)E°° {fep)ep by Lemma [2^ we have 

= {lndexE)^E°^{fep)E°^{fep) 

= {lndcxE)E°°{{lndexE)E'^{fep)epf) 

^ {IndexE)E°°{fep) = e, 

and hence e is a projection in A°". There exists an element x in P°° such that 
fep = xep since 

fep ^ epfep G epB^ep ^ {epBep)°° = (Pep)^ = P°°ep. 

Then we have 

e = (Index£;)£;°°(/ep) = (Index£:)i?°°(a;ep) = (Index£:)2;£;(ep) = x. 

Hence e G P°° and fep = eep. Since e commutes with any element in P, we have 
e G Poo- For any a £ A 

eae = {lndexEfE°°{fep)aE'^{fep) 
= {lndcxEfE°°{E°^{fep)afep) 
= (Index£:) £:°° ( (IndexS) {fepa)epf) 
= {lndexE)E°°{fepaepf) (by LemmalM]) 
- (IndexS)^°°(/S(a)ep/) 

£;(a)(Index£;)i?°°(/ep) = £;(a)e. 

Suppose that xe = for some x £ P. Since eep = /e^, x/ep = {xep)f = 
and xep = by the injectivity of the map B 3 y yf G Bf. Hence x = by 
the injectivity of the map P 3 x ^ xep G Pep. Therefore E is approximately 
representable. I 

Proposition 3.5. Let A D P be an inclusion of unital C*-algebras and E a con- 
ditional expectation from A onto P with a finite index. If E is approximately 
representable, then P' n A c P. 

Proof. Let e be a projection in Poo such that exe = E{x)e for x in A. If x is an 
element in P' H ^, then x also commutes with e. Hence xe — exe = E{x)e. Since 
a map y 3 P i— > ye G Pe is injective, there is an isomorphism tt from the basic 
construction C*{A,ep) onto C*(v4, e) by Remark [2?3] (5). Then 

xep = XTr{e) — TT{xe) — Tr{exe) 

= TT{E{x)e) = E{x)Tr{e) = E{x)ep. 

Therefore x = i?(a::) G P. I 
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Remark 3.6. If a conditional expectation E: A P is approximately repre- 
sentable, then E is the unique conditional expectation from A onto P by [22l Corol- 
lary 1.4.3]. In other words, the property that E is approximately representable is 
actually a property of the inclusion A D P. By Proposition 13. 4[ the property that 
E has the Rohlin property is actually a property of the inclusion A Z) P. So we 
call A D P slu inclusion with the Rohlin property. 

When an inclusion A Z) P has a finite index, if P is simple, then A is a finite 
direct sum of simple closed two-sided ideals by [6l Theorem 3.3]. Therefore the 
above propositions immediately implies the following: 

Corollary 3.7. Let ^ D P be an inclusion of unital C*-algebras and E a condi- 
tional expectation from A onto P with a finite index. If E is approximately repre- 
sentable and P is simple, then A D P is an irreducible inclusion, i.e., P' n A = C 
and A is simple. 

Proof. By Proposition 13. 5[ we have P' n A C P' n P = C by the simplicity of P. 
On the other hand, A'DAcP'OA^C and hence A is simple by [6, Theorem 
3.3]. I 

Corollary 3.8. Let E he a conditional expectation from a unital C*-algebra A 
onto P with a finite index. If E has the Rohlin property and A is simple, then 
A D P is an irreducible inclusion and P is simple. 

Proof. By Proposition l3.41 the dual conditional expectation E of E is approximately 
representable. Therefore the inclusion C*{A,ep) D A is irreducible and C*{A,ep) 
is simple by Corollary 13.71 Since A' n C*{A, ep) is isomorphic to P' n ^ as linear 
spaces (see the proof of Proposition 3.11 of 8 ), ^ D P is irreducible. The simplicity 
of P comes from [52j Corollary 2.2.14]. I 

4. Examples 

In this section we shall construct examples of inclusions of C*- algebras with the 
Rohlin property. 

Proposition 4.1. Let Q be a unital simple C*-algebra and a an action of a finite 
group G on Q with Rohlin projections {eg}g(zQ. Let iJ be a subgroup of G and 
P G A the inclusion of fixed point algebras Q'~^ C . Then P C A has the Rohlin 
property with a Rohlin projection ch = J2h£H 

Proof. Let E be the canonical conditional expectation from Q onto P defined by 

Since E{eg) = j— ^7 for any 5 e G, we have 
\^\ 

Let Eh be the conditional expectation from Q onto A defined by 
Eh{x) = 7^ X! "'1(2^)' X eQ. 
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It is easy to see that E^{eH) — ch & since a^{eh) = a°°{egh)- By the 
definition of Rohlin projections we have eg G Q' fl Q°° C A' n (5°° and hence 
bh & A' n A°° . Let F be the conditional expectation from A onto P defined by 
F{x) = E{x) for X in A. Since IndexiJ = \G\ and IndexE^^^ = \H\ and E = FoEh, 
\G\ 

IndexF — - — r by the multiplicity of the index ([551 Proposition 1.7.1]). We have 
1^1 

Fien) — and the inclusion AZ) P has the Rohlin property. I 

IndexF 

Remark 4.2. With the above notation if H is not a normal subgroup of G, then 
it is easy to see that the depth of A D P is not two (cf. [HJ Teorem 4.6]). In 
particular, P is not the fixed point algebra A" for any finite group action a with 
the Rohlin property. 

5. Inclusions of C*-algebras with the Rohlin property 

In [IB] , Osaka and Phillips proved that crossed products by finite group actions 
with the Rohlin property preserve various properties of C*-algebras. In this section, 
we extend their result and prove that inclusions with the Rohlin property preserve 
various properties of C*-algebras. 

Lemma 5.1. Let A D P be an inclusion of unital C*-algebras and E a conditional 
expectation from A onto P with a finite index. If E has the Rohlin property with 
a Rohlin projection e G Aqo, then for any x € A°° there exists the unique element 
y of P°° such that xe — ye. 

Proof. Let ep be the Jones projection for the inclusion A Z) P. By the proof of 
Proposition [2l6l we have eepe = (Index_E)^^e. Therefore for any element x in A°^ 

xe = {lndcyiE)E'^{epxe) 

= {lTLdcyiEfE°°{epxeepe) 

= {IndcxEfE°°{E°°{xe)epe) = (Index£:)£:°°(a;e)e, 

where E is the dual conditional expectation for E. Put y = {lndexE)E°° (xe) G P°°. 
Then we have xe = ye. 

Suppose that ye = ze for y, z ^ P°° . Then 

z = (Index£:)£:°°(e)z = (IndexP)£;°°(ez) = (Index£;)P°°(e?;) = y. 

Therefore we obtain the uniqueness of I 

Remark 5.2. Let D be the C*-subalgebra of P°° defined by = {e}' n P°°. By 
Proposition [221 we have eP°°e — De. Moreover, eA°°e — De by the above lemma. 

Theorem 5.3. Let A D P be an inclusion of separable unital C*-algebras and E 
a conditional expectation from A onto P with a finite index. If A is an AF algebra 
and E has the Rohlin property, then P is also an AF algebra. 

Proof. We shall prove that for every finite set 5 C P and every e > 0, there is a finite 
dimensional C*-subalgebra Q of P such that every element of S is within e of an 
element of Q. Since A is an AF algebra and S C P C A, there is a finite dimensional 
C*-subalgebra P of A such that every element of S is within | of an element of 

R. Let {e|j''} be a system of matrix units of P = 0M„^. Since e commutes with 

each element of A and a map A 3 x ^ xe ^ Ae is injective, {e^J^'e} is also a system 



12 



HIROYUKI OSAKA*, KAZUNORI KODAKA, AND TAMOTSU TERUYA 



of matrix units of type R. Since Ae — eAe C eA°°e, , there are elements of 
D ^ {e}' n such that e|j^e = p^J^e by Lemma [ED and Remark [Q] By the 
uniqueness of p^^' , is a system of matrix units of type i?. For every (i,j,r), let 

(Pijfc)fcli be a sequence of P such that = (Pijl)feli +co(^)- For every x e 5, let 

a;« = Xljj-.r ^Ij'e!}'^ ^ ^' ^ ^"'^^ 11^ ~ ^^11 < i L*^* element 
of P°° defined by a;°° = ■ ■ . For each k £N,we define x?° as the element 

ofPbyx^ = ^i^'^^ ||2:-a;«|l = ||xe-a;^e|| = ||a;e-x°°e|| = ||a;-a;°°|| 

by the injectivity of a map D 9 a; xe e Z3e, we have ||a; — a;°°|| < | and hence 

limsup||x-x^|| < - 
Since {p^j^} is a system of matrix units of type i?, we have 
limsup \\v%V-^nu - ^rs^2^V^Ck\\ = 0- 

k—^oo 

Choose S > according to [5, Lemma 1.10] for R and for e/(2 dim(i?)). There is 
kQ (£ N such that {Pj-!-],^ } is a set of approximate matrix units of type R within 5 in P 
and 1 1 a; — x'^ II < f for every x in S. Then there is a set {fij^} of exact matrix units 
of type i? in P with ||/f ^ -pgj| < £/(2dim(P)). Put x, = ^ 
Since ||x^ — a;o|| < |, we have 

||x-xo|| < ||a:-<|| + ||x^-xo|| 
e e 

- 2 2 

So we can choose a finite dimensional C*-algebra Q generated by {flj ^} C P. 
Therefore P is an AF algebra. I 

Following |16| . we introduce several notations to describe the local approximate 
characterizations of the classes of direct limit algebras constructed using some com- 
mon families of semiprojective building blocks. 

Definition 5.4. Let C be a class of separable unital C*-algebaras. Then C is finitely 
saturated if the following closure conditions hold: 

(1) If A e C and A, then B eC. 

(2) If , ^2, . . . , A„ G C then e;'^, Ak e C. 

(3) If ^ e C and n e N, then 7\f„(A) e C. 

(4) If A G C and p G A is a nonzero projection, then pAp G C. 

Moreover, the finite saturation of a class C is the smallest finitely saturated class 
which contains C. 

Definition 5.5. Let C be a class of separable unital C*-algebras. We say that C 
is flexible if : 

(1) For every A G C, every n G N, and every nonzero projection p G M„(A), 
the corner pMn{A)p is semiprojective in the sense of Definition 14.1.3 of 
[15], and is finitely generated. 

(2) For every A G C and every ideal I C A, there is an increasing sequence 
/q C /i C ■ • • of ideals in A such that U^q/„ = /, and such that for every 
n the C*-algebra A/ In is in the finite saturation of C. 
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Definition 5.6. Let C be a class of separable unital C*-algebras. A unital local 
C-algebra is a separable unital C*-algebra such that for every finite set S* C A and 
every e > 0, there are a C*-algebra B in the finite saturation of C and a unital 
homomorphism (p : B ^ A such that dist(a, f{B)) < e for all a G S*. 

Theorem 5.7. Let C be any flexible class of separable unital C*-algebras. Let 
A D P he a. finite index inclusion with the Rohlin property. If A is a unital local 
C-algebra, then P is also a unital local C-algebra. 

Proof. We shall prove that for every finite set S C P and every e > 0, there are a 
C*-algebra Q in the finite saturation of C and a unital homomorphism ip : Q ~> P 
such that S is within e of an element of ip{Q)- 

Since ^ is a unital local C-algebra, for finite set S* C P C ^ and f > 0, there is 
a C*-algebra Q in the finite saturation of C and a unital homomorphism p : Q ^ A 
such that S is within | of an element of p{Q)- As in the proof of Theorem 15. 3[ 
Ae = eAe C eA°°e = De, where e is a Rohlin projection for the inclusion A D P 
and D = {e}' fl P°°. By Lemma [5.11 we can define a map ^ : A ^ D such that 
ae — j3{a)e for a G A. It is easy to see that /3 is a unital injective homomorphism 
and I3{x) — x ion x G P. So we can define a unital homomorphism 1^9°° : Q P°° 
by = P[p{q)). Since ||a; - a\\ = ||/3(x) - /3(a)|| = ||a; - /3(a)|| for a; e S' and 

a G ^, we know that S is within | of an element of p°°{Q). 

For n e N, let /„ be an ideal of /°°(N, P) defined by 

/„ - {{ak)T=i e P) : flfe - for fc > n]. 

Then {/„} is an increasing chain of ideals in /°°(N, P) and co(P) = U-^n- Since 
C is flexible, Q has the semiprojectivity. By the definition of the semiprojectivity 
(Definition 14.1.3 in [15]), there exist n G N and (p so that the diagram 

/°°(N,F)//„ 

^ ; 

commutes. For each fc G N, let pk be a map from Q to P so that (p{q) = {'Pk{q))kLi + 
In for q E Q. By the above commutative diagram, we have p°°{q) ~ {Vkiq))^^i + 
co(P) and pk is a homomorphism for k > n. For x G S*, we can choose qx E Q such 
that - p°°{qx)\\ < f . Then we have 

s 

limsup ||a; - pk{qx)\\ < -z- 

k~¥oo ^ 

Since S* is a finite set, there exists ko > n such that — Pko{qx)\\ < £ for every x 
in S. Therefore P is a unital local C-algebra. I 

We have the following result. 

Corollary 5.8. Let yl D P be an inclusion of separable unital C*-algebras with 
the Rohlin property. 

(1) If A is a unital AI algebra, as defined in Example 2.2 in [16], then P is a 
unital AI algebra. 

(2) If A is a unital AT algebra, as defined in Example 2.3 in [16], then P is a 
unital AT algebra. 
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(3) If A is a unital AD algebra, as defined in Example 2.4 in [16], then P is a 
unital AD algebra. 

(4) If j4 is a unital countable direct limit of one dimensional noncommutative 
CW complexes (Definition 2.5 in ^6j), then so is P. 

Proof. Since the relevant classes are flexible by |16| . we may apply Theorem 15. 71 I 

The notion of topological stable rank for a C*-algebra A, denoted by tsr(A), 
was introduced by Rieffel, which generalized the concept of the dimension of a 
topological space [18]. A unital C* -algebra A has topological stable rank one if the 
set of invertible elements of A is dense in A. We have the following result. 

Theorem 5.9. Let A D P be an inclusion of unital C*-algebras with the Rohlin 
property. If tsr(A) = 1, then tsr(P) = 1. 

Proof. We shall prove that for every element a; of P and every e > 0, there is an 
invertible element y of P such that — y|| < e. 

So fix X € P and e > 0. Since tsr(^) = 1 and x ^ P C A, there is an invertible 
element a e A such that \\x - a|| < |. Let /S : A ^ D = {e}' n P°° be the 
injective homomorphism defined in the proof of Theorem 15. 7[ where e is the Rohlin 
projection in Aoo. Since /3{x) = x, we have — /3(a)|| < |. Let (a„) be a sequence 
of elements in P so that f3{a) — (a„) + co(P). Then we have 

linisup \\x - a„\\ < -. 

Since a is invertible element in A, so is /3(a) = (a„) + co{P) in P°°. Therefore there 
is fc e N such that Ok is an invertible element in P and \\x — ak\\ < e. I 

The theory of real rank for C*-algebra, developed by Brown and Pedersen [5], 
formally resembles the theory of topological stable rank, but there are important 
differences under the surface. On the other hand, the real rank zero property is one 
of the most significant properties that a C*-algebra can have. A unital C*-algebra 
A has real rank zero if the set of invertible self-adjoint elements of A is dense in 
the set of self-adjoint elements of A. We have, then, the following theorem. Since 
its proof is very similar to the proof of Theorem 15.91 we omit it. 

Theorem 5.10. Let A D P be an inclusion of unital C*-algebras with the Rohlin 
property. If A has real rank zero, then P has real rank zero. 

Acknowledgement The authors would like to thank the referee for his useful 
comments and constructive suggestion. 

References 

[1] R. J. Blattner, M. Cohen and S. Montgomery, Crossed products and inner actions of Hopf 

algebras, Trans. Amer. Math. Soc. 298 (1986), p. 671-711. 
[2] L. G. Brown and G. K. Pedersen, C -algebras of real rank zero, J. Funct. Anal. 99(1991), p. 

131-149. 

[3] R. H. Herman and V. F. R. Jones, Period two automorphisms of UHF C* -algebras, J. Funct. 

Anal. 45(1982), p. 169-176. 
[4] R. H. Herman and V. F. R. Jones, Models of finite group actions. Math. Scand. 52(1983), p. 

312-320. 

[5] J. G. Glimm, On a certain class of operator algebras. Trans. Amer. Math. Soc. 95 (1960), p. 
318-340. 

[6] M. Izumi, Inclusions of simple C* -algebras, J. reine angew. Math. 547 (2002), p. 97-138. 



THE ROHLIN PROPERTY FOR INCLUSIONS OF C*-ALBEBRAS 



15 



[7] M. Izumi, Finite group actions on C* -algebras with the Rohlin property-I, Duke Math. J. 
122(2004), p. 233-280. 

[8] J. A. Jeong, H. Osaka, N. C. Phillips and T. Teruya, Cancellation for inclusions of C* - 

algebras of finite depth, to appear in Indiana U. Math J. laxXiv: 0704. 36451 /1 [math. OA]. 
[9] J. A. Jeong and G. H. Park, Saturated actions by finite dimensional Hopf *-algebras on 
C -algebras Intern. J. Math 19(2008), p. 125-144. 
[10] J. F. R. Jones, Index for subfactors, Inventiones Math. 72(1983), p. 1—25 
[11] A. Kishimoto, On the fixed point algebra of UHF algebra under a periodic automorphism of 

product type , Publ. Res. Inst. Math. Sci. 13(1997/1998), p. 777-791. 
[12] A. Kishimoto, Automorphisms of AT algebras with Rohlin property, J. Operator Theory 
40(1998) p. 277-294. 

[13] A. Kishimoto, Unbouded derivations in AT algebras, J. Funct. Anal. 160(1998), p. 270-311. 

[14] H. Nakamura, Aperiodic automorphisms of nuclear purely infinite simple C* -algebras, Er- 
godic Theory Dynam. Systems 20(2000), p. 1749-1765. 

[15] T. A. Loring, Lifting Solutions to Perturbing Problems in C* -algebras. Fields Institute Mono- 
graphs no. 8, American Mathematical Society, Providence RI, 1997. 

[16] H. Osaka and N. C. Phillips, Crossed products by finite group actions with the Rokhlin prop- 
erty, arXiv:math.OA/0704.3651. 

[17] N. C. Phillips, The tracial Rokhlin property for actions of finite groups on C -algebras 
|arXiv:m ath.OA/0609782 

[18] M. A. Rieffel, Dimension and stable rank in the K-theory of C*-algebras, Proc. London Math. 
Soc. 46(1983), p. 301-333. 

[19] M. E. Sweedler, Hopf algebras, Benjamin, New York, 1969. 

[20] W. Szymanski and C. Peligrad, Saturated actions of finite dimensional Hopf *- algebras on 

C -algebras. Math. Scand. 75 (1994), p. 217-239. 
[21] T. Teruya., normal intermediate subfactors, i . Math. Soc. Japan 50(1998), no2, p. 469-490. 
[22] Y. Watatani, Index for C* -subalgebras, Mem. Amer. Math. Soc. 424, Amer. Math. Soc, 

Providence, R. I., (1990). 

Department of Mathematical Sciences, Ritsumeikan University, Kusatsu, Shiga, 520- 
2152 Japan 

E-mail address: osaka9se.ritsiimei.ac.jp 

Department of Mathematical Sciences, Faculty of Science, Ryukyu University,, Nishihara- 
CHO, Okinawa 903-0213, Japan 

E-mail address: kodaka@math.u-ryukyu.ac.jp 

Department of Mathematical Sciences, Ritsumeikan University, Kusatsu, Shiga, 520- 
2152 Japan 

E-mail address: teruyaase.ritsumei.ac.jp 



